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Abstract: Previous Vertical Axis Wind Turbine ‘Vawtbdels assumed the induced flow
to be simply against the wind. Whereas in théebeeveloped blade element momentum
‘BEM’ theory of Horizontal ‘Hawt’s’, the induceddflv is half the velocity change which is
proportional to the lift vector normal to the appat wind. High tip speed ratio brings the
apparent windto tangential, making the velocity change acrogs\tawt blades approach
radial. Also not windwise are the lateral driftdaced by the Vawt bound vorticity; and the
reaction velocity to the torque in Hawt theory. Thetemerges as a productive second order
crosswind in a new BEM Vawt model predicting therow operating peak of tangent and
‘passive pitch’ Vawts. This allows sound comparswith the Hawt as explicitly solved,
and the ideal variable pitch Vawt, as numericalptimised in a previous JPE paper. The
new double pass solution incorporates the Pratigttorrection and gives the cam shape

for designing a benign and robust cyclic pitch Vawt

Keywords: Vertical Axis Wind Turbine, Blade Element Momentubarrieus, cyclic pitch,

passive pitch

1. INTRODUCTION

The fixed tangent blade Vertical Axis wind Bure (Vawt) was conceived in the 1920’s by Darsieu
whilst the theory of horizontal axis wind turbing$awts) was established by Glauert[1] in 1935e T
Canadian government reinvented the ‘Darrieuseggbeater’ tangent blade Vawt in the 1960’s and
exclusively funded it, not any other Vawt let adam Hawt, for the next 25 years. Sandia labsnott
the entire DOE, also specialised on the ‘Darrieinsthe same period, leaving better documemiaiio
the Internet. Since vertical blades have no gyadwinding moment, Vawts are less limited in stiade
Hawts are now becoming.

The analysis of the Darrieus by its proposdrgan with windwise induced flow of Froude’s 1D
actuator theory [1] which is also the high spesb limit [2] of Glauert's Hawt, now solved
analytically. This new general solution[2] shoWwattthe true limit in the Vawt case of blades mgvi
obliquely to the wind is the induced flow beingatlg normal to the path and only windwise when
averaged.

Wilson and Lissamen [3] averaged betweenffsgream and downstream Vawt cuts through each
streamtube as if the lateral flows induced byupeind and downwind cuts were equal and opposite
and cancelled each other out at both cuts. Thidduoei valid for a sufficiently elliptic blade pathihen
the BEM finds that the common axial induced flowiea as the sine of the azimuthal angle. This
optimistic assumption also ignored the verticabhduced flow with the Darrieus troposkein shape
averaging to zero.

Others [4,5] ‘refined’ this model for the red@laular path by allowing the sinusoidally varying
windwise induced flow to be greater at the downwént] yet still neglected any crosswind or axial



components. This “double (pass) multiple streamituldawt was invariably solved numerically [4,5],
which further obscures its soundness and its oglat Hawt theory. The aim of this paper is to
formulate a Hawt-consistent two-pass Vawt model soide it analytically......

2. FORMULATION

As in Fig 1 consider a section of a contimuaf minute chord blades of solidiyn a true windr .
For a Vawt or more properly a crosswind axis tuebiime axis of rotation is out of the page at ausad
in the unit directiorr shown. The blades move at veloctty q at speed ratiX times the windspeet
along a path at angle to the true wind', and ;' to the blade apparent windlv'. Call the velocity
change they produce downstreaim and their % chord angle of attackwb, a.

Hawt BEM theory ignores any net presdaree on the stream tube walls and ends. (Detailed
analysis [6] shows this is equivalent to assumirag &ll the crosswind velocity added at a Haworat
ultimately dissipated. ) It opposes the ratel@nge of momentum of the fluid densitpassing
through g rdg, , to the Joukowski airfoil lift @' with lift slopel of ideal from the net blade chord, rdg

rrdg I (s pWsinaz) xW =-d. =21 rrdg W- r the linear lift BEM equation (1)
The bracket is the bound vorticity linear densiong q, so the spanwise unit vectotakes its sign by
the right hand rule out of the page here on thelward pass. NoW-r =Wsin/ so

1=g(zxW) sol=gW the tangent Blade Element Momentum equation (2)
where most generally=sC, (a)/ 4siry . For linear lift g=psle/2=elv, e=sina/ siry, andv
=ps/2=Bc/4r for B blades each of chorl If the % chords are tangential to the path dkérfixed
tangent bladeVawt a=/ soe=1 To aid self-starting,gassive pitch blades[4,7-9] use a balance
between the centrifugal blade pitch moment vargs(XT)/ due to a counterweight on an outboard
arm to the blade, and the lift moment varying\&s. Since/=/ -a and W~ XT,ignoring blade inertia
and unsteady aerodynamid$eire is a constant fraction at afl and largeX . The Vawt analysis here
will apply thirdly to the optimum design a{; of therobust cyclic pitch Vawt[2] wheree=

The first two invariang’s withX signal narrow power bands, because the 1D mametiteory
shows the power optimum 183, but for tangent blades | changes almost ligeaith its rotational
speed/ Thatis wheW® XT, the interferencd/T® 'ag=Xg=Xelv . In terms of the angular
velocity W/ X=WrIT, sop and the radiug’ of the rotor segment cancel, arsg= BK | where
K= W¢/2T.Forming the dot product ¢fwith the unit tangerq, the triple product identity gives

1-9/9=-W-(@x2)=W-r = Wsiry = D-r whereW=D-XTq (3

is the net flow relative to the ground. Thus thenponent of velocity change opposite to the motsamn i

times the normal velocity across the path. FronLti8 of (1), the component of lift on the bladetea

srdg inthe direction of travel is proportional ®) @nd so multiplying by the blade speed gives the
useful power contributionRifromrdg, with the equivalences sinteN=0

B/rdg =-2r(W-n)l-D=2rTao (W-1)* (4)

This squaring reflects the Vawt generatingitdee lift power by siry thrust resolution of its sia
lift. Equate the first term to the loss in flownkitic energy as it crosses the rotor segment, agjadming
any pressure deficit in the wake. The changeelooity squared i3 - T-(T+21)- (T+21) = -4l- (T+l), so
this leads td - (D-T-1) =0. Thus the component of the average induaed J=D-T in the direction of
the velocity changel2nust bd , as in Fig 1. So the differendd in the cross-sectional plane is parallel



to W . Call the apparent wind basedlon W’ which is thus in the same directiprasW, but of
different magnitude b®(a,T). Since the norm ofl-| should be less thadn | or T/6 andW » XT for
X>2 it will be a good Qta,) approximation to replacd/ by W’ in (2).

Prandtl [1] considered the inducedhffield around the vortex sheets trailingvsitfrom the
blades and thus spacedsat?2 sin/ r/B . They move downstreaat self-induced 2 perpendicular tov.
He found the induced flow at the blades to Héf , fa function of the distance from the blade tip
relative tos. This reduces the effective length of a straighivblade by .448

3. SOLUTION FOR VAWT WINDWARD PASS AND HAW T

So in the highX limit, consider blade elements withjustJ= I/f plus the true wind in thex direction
at standard Vawt anglg ' to the path. Then defining=1/X , sog=may, H=1+g%f 2 » NYW'?; the
tangent Vawt BEM equation (2) is linearlin

I=fI=g k x T-5+J) +O(gay T) sofd =g k x{T-S+g k x (T-S+I)/f} =g kx(I-9) - g*(T-S+/f  (5)
\ HI=Hf =(gk X(T-9)- ¢°(T-S) /) = gTy - aTr -g°(T-9) /f = -aoTr+gTy +gao T g /f -g°T/f + O(gay T) (6)

Dividing by T the non-dimensional Cartesian componen®f |/T are then
Hu= agsing +g°/f +gagcosg /f + O(ga) Hv= acosg +g -gaysing /f + O(ga) @)

Itis at first surprising that at fixea, as speed rati¥® ¥ andg® 0, v does not vanish; but rather the
net induced velocity becomesgTr directed outwards against(and so does not involve any power
for lack of angle). This is a direct consequenci ahd the lift having to be perpendicular to tiade
apparent wind which high brings towards tangential. Whilst the anglettdek and d decrease
towards the sides, so does the normal flux, so {fonthe induced component stays constant
The next and productive tekmg=ma,from gTy is crosswind induction from the true wind
component ofV’. Then ga;Tq reduces the contribution of the self windt ; and g°T reduces that
of the true wind. They will reduce the power, asally for the largeay of a single stage windmill (eg. a
Hawt). Now the normal velocity at the blade is
WSiry (1+O@@))=W’ - =T -1 (1-g°/°H) - aoT/ fH+ g Ty - r/f H = T(sing - a/f -gcosg/f)/ H (8)
a/f = qp is just the total induced velocity at the bladénen the reversal at smatbq, , p/2-g» o
marks these as the points of the tangent edgensiirees dividing the Vawt passes. Alternativelg th
normal velocity can be formed froml-aqq/ g (3). W% is N¥H=T* (X*+1+2Xcosg)/H, producing an
second harmonic in adding to the first harmonics in (8). In the #malimit W=XT and
J m(sing—qp ), a constant reduction frommsingwhich can be recognised as the limitxgfthe no-lift
apparent wind angle Fig 1[2] . From equationsaf#)
Piddg (1+0@))= 2rfqeT *(sing -go —mgcosg)® / H? (9)
Crude Hawt for smatin ignores theH? andg factors to recover the 1D momentum theory

Ce =dP/d rdg [ ¥%r T 3as 4q, (1- gp) 2 optimum at 1627 for a;= . Exact Hawi=J leads to a cubic
equation ing, for the optimum which has a triple angle solutidmcet eventually reproduces the
trisection theorems [2,10] that the beBt ddg comes from choosimgg, =I/fW=tan(¢3), soj =2x/3,
and further that = a= x/3, e=%2 v=2 sir/ makes it robust against variationsin

Whereas for constamtangent or passive pitdhawt blades, g must instead be constant whitst
variesx, so one must first integrate owgrbefore optimising the coefficient of performarGe=
P/ vrT3(2r), normalisedon swept diameter. Note this will also averggever the variabls of the path.

Co= pfap[L -8 /p+200°] / H* (1+O@)) (10)

with the approximate maximum at smiadlof Cp=.388f atq, =.265 averaged from"@.80° vs .39% (2/3
of the Betz limit) for optimal pitch [2]. Takingreg»gon the side zones wherg>sing gives a
correction -4j,"/3 or Cp =.381 atqy=.265. Strictly the highest allowabigin the BEM is % at which
the windwardCy, is naively.356, ¢ =0°-18C° but actually .272, g=30°-15C".

Even with optimal variable pitch [2], the idéalo pass Vawt only approaches the Betz limit, oed
tangent blade Vawt will not keep up.....

4. VAWT COMMON INDUCED FLOW MODEL
For the complete Vawt, Wilson & Lissamen [3] veisnply ignored the separation of the windward and
leeward passes so they had the same induced floxexh other, with cancelling signswfso the net
Dis then just{-2u)Tx, changing solutions (7) ( for @<p ) to u= ay sing andv= a;cosy (1-2u)g

In this case the change in KELAT+]) is 2rTag (W-r), so (4) still holds. Fortuitously the small
m average normal velocity component is unchanged the power average of the square of the normal
velocity is changed, as well as doubled to acctanthe two passes.;Gs 4pfqy timestheaverage
value of (sing -2 sirfg)?. Defining the amplitude of the combined axial inddidlew A=20,

Co= pfA(1-16A/ P+ 3A%/4) (11)
The maximunCp=.554 at A=.401 puts the central induction perilously clos¢hi value of %: at

which the centreline velocity in the wake is reeefrsind the model collapses. The above consiructi
of a justification for ignoring the lateral indiam contradicts considering the leeward pass tm llee



wake of the windward, yet the “double multipléfemamtube method does both!
5. LEEWARD VAWT PASS

For Vawts the bound vortex cylinder, unlike thawt rotor disc, induces flow at the blades,
producing a crosswind drift strongest on the retguator to the side in which the blades are adrgnc
upwind. The Vawt bound vorticity from (1) ¢dVsin/ and its self-induced flow is the sar@®égT) or
O(m)less than the main radial induced flayy andO(mg»nra,) less than the self windT with which
it is aligned at the peak power points.

As thesag= +% p points are a full diameter apart in the directiéthe wind, it is more reasonable
than common induced windwise flow to approximéie windward wake as fully developed at the
leeward pass. Indeed this is the converse ddibbee treatment of the windward pass as being too
upstream to be affected by the leeward wake. Heetiverage velocity drop at the leeward pass have
components @and -21 with induced flows athe bladesl/f andn/f, respectively. Therhe lee

__ /D= (1-2u-d/fx + (2v —n/ fy (12)
The algebra will be worked to 67 even though @) is the magnitude of the uncertainty that the
leeward wake’s self-induced flow is exactly hat$ velocity change at finite speed ratio. As in.Rg
define a leeward =- ¢, and note the reversed leeward circulation nox@gd into the page. Since some
corrections and comparisons make the leewadifferent from the windward, consider a leewart *

in lieu ofg and ‘bg'= Xh . As before, (2) =h (zxW) generates the simultaneous linear
d=Rsinf + hn/ f -2hv+ O(gh) n =B cosf- hd/ f+ h - 2hu + O(gh) (13)

Cross substituting these gives solutions analogmtie windward ones, but with the extra termstdue
the2u & 2vdisturbances in the oncoming wind

(1+h?/f?)d=bgsinf +hbgcosf /f+h?/f-2k°u/f -2hv  (1+h%f)n=bgcosf -hhysinf /f+h -2hu +2Hv/f  (14)

Next forming the componemsinf - dcosf of the leeward velocity change reacting to tleerd thrust,
and then dividing out thie factor after leading term cancellation, gives By (

(1+ K W-r /T = sinf -by/f -hcod /f + 2{u (hcod -sinf)+v (hsinf + cosf)} (15)
Substituting for the windward Vawtandv from (7) givesH times the curly bracket as
H{.}=ao (1+gh/P) cosg+f + g(1+gh/ f) cos + as(h-g)/f sing+f + g(h-g)/f sirf (16)

At ag=bo and|=J the f averagdl is less than thg averagai by 2hg=2nfa,?, and the meanis less
than mearv by aboutdhg/p. So the mean leeward | would be less than thewand and so the mean
leewardW’ = I/g is less than the windwak¥‘= 1/g all by a fractiorO(h).

The Hawt has a definite, if implicit, radidll component expanding the streamtube as the wind is
slowed axially. The corresponding vertical comgatrwill be assumed nil for a 2D Vawt, and mass
conservation applied in the horizontal plane. Eiqgai(8) x dy to (15) x df, allows in principle solving
g interms of, for instance by expansion of the small diffeeitpowers of,. Thef intensification
factors at the blades should not apply in thisihe of average flows. Takidg h%/f»1+gh/
2»1+g’/f’= H , then nof factors appear in

(sing -a -gcosy )dg» df{sinf -by-hcos +2 a,cosg+f +2g cos } (17)
Soto first order inay, expandingy aboutf gives
d[sinf(g-f )] » df (ag-by +2a9cos2 +(3g-h)cos)= d{f (ay-by )+apsin2f +(3g-hkinf} (18)

b= (g-f)/2 is the mean deviation of a streamline insidertitor and can be expected to vary faorg
at g=0 windward t@v-n=2g-hat =0 leeward so the average is indéxgth)/2so

(g-F)sinf » (by-ao)(pl2-f) +aosin2f +(3g-hisinf *Qag’) (19)

confirming fora;=b,, m=0that the side point where g ay= - Sinf is the tangent streamline of zero
net flux. The approximation covers the optimaF b, to allow comparison of fixed and optimal[2]
blades by exactly the same methodology. Expandify



HWsing= HW - 1/ T»sinf-by/f +(2g-h/f)cod +2a,c0s2f-4agcos{ apsin2f +ay(bg-ag) (p/2-1)+(3g-h)sinf} (20)

Since the fractional differenceWis was found to b&(h), thisWsingsmaller by onlyO(ay’) than
the windward means leewagid become bigger @ (anda, with it at fixeds), as is clear must be
so statically ak=0. For smalm

g®m(sinf -byt 2 a,cos -4 cod {as’sin2f+ao(by -ag)(p/2-F)}+ O(nfay...a°) (21)

So c=Y%g and/ = Yan(sing -ao) gives the asymptotic robust fixed pitch cycle, [@)itable for a cam
and different from the common first harmonic ad@tion from nose pushrods offcenter upwind. The
2aycosZ terms makes this leewagdless centrally than the windwagdif by=a,, but more on the
sides for the extended angular range at the casinge off . However the means of sinand sing are
the same for smadl, so their averages will be approximated as the same. The fiaglterm has a
negative mean from O @ making the meapa bit less than the windwayd for a mear - ¢ robust
¥ chord noseout as indeed shown by Lazauskas'S Eéggive a broad Vawt peak [4]

6. LEEWARD AND NET POWER
Ignoring terms above cubic & ,by; squaring and doubling (20) to fotfdP/ rdf /2r T, gives
(Sinf -by/f +(2g-h/f)cog+2a,c0s%)*4agsin2f{ agsin2f+aq(be-ao) (p/2-F)+(3g-h)sinf}  (22)

Integrating overf from O top by the average values of sinusoids with no aveedfget of the (8-h)/2
skew in the center streamlirt®;a, nor 3g-hand cancellation of the averagéterms gives

leeH” Co = of po {1-8p/ p+2po” +(2g-h/ff-16a/ 30+0(as’) (23)
Wherepy= bo/f and againf becomes a mean. Note the (windward pass) endpmirgation was of the
sameO(a"). The final term is a negative effect of the leetvpass being in the wake of the leeward and
will be conservativelyapproximated a&6qy/ 3p. . Then the combined expression with windwatg
(10) is symmetric ipg=qo except the (§-h/f)? term favouringy, at finitem andl=J, so otherwise
expressing in terms &= pytgy and D= a,-¢p andf now an average over both passes

Total (L+1/4 nfA%)? Co  pFA{1-16A/30+( Yo+1/4 nf)AZ+ pD? (6A-32/30) +O(AY) (24)

A peak is atA=.348, D=0 givingCp /f=.338 windward +.176 lee for a total of .514 vs.
16/25=.64 for a two stage Hawt and the Betz lir6if2¥ for the optimal pitch or a Hawt[2]. This lomwe
leeward power is inevitable because the power dipen the integral of the square of the normal
velocity whereas the flux integrals of the firsiwers must be equal and are so by the extendeditdew
range making up for the lower peak leeward nonebldcity. Numerically integrating (17) and (22)
instead of the true expressions [2] loweredGh¢ for optimal pitch by .013 from the Betz limit sadd
blades have &pf =.514+.013527 corrected for these approximations.

Manually changing the spreadsheet normal iaterfce factora =1/ Tsing [2] to give constant
inductionA/2=.174 windward and leeward concurs tl@&f =.52 in the same approximations. The
normal interferences are centrally .17 windwar® wptimal and .26 leeward vs always optimal.

The windward rises too slowly at first on the sidet then too far instead of leveling at ¥2 whilst
leeward rises always about .1 more to sooner exteémver ideal . Or compare the constant
‘induction’ ag=by here versus the ideal variable pitch inductigmlotted in Fig 5 of [2].

Ce/f is .433 when the leeward theory becomes inwaiill wake reverse flow &=.5 or 1.44 the
designX and theD? term still slightly negative, buEs/f set to vanish &=.76. Recall the windward
pass- only optimunCp/f =.38 afAis .53. Even with reversed flow the I8 cannot be negative so
Clearly it must deflect upwards withor with X for a given configured. At A=1 when reversal has
spread upwind to reach the center of the lee plassyindward pass curtailed to T2§ill hasCp/f .27.
and say the totalx/f may be .30 . Actually this is more extended thath the tangent and robust Hawt
which both haveCy =0 at 3 times desigXy, though in-between Hawt pitches still have pesipower
with / >.145 4 avoiding reversed flow altogether [2]. Also thalrgawt has the higher drag penalty
which grows remorsely a$°.

{}'s linear term inA which includes the interpass term is exactly thmesas in the common
interference model (11) and is generally indiffér@mto how the induction is shared between the two
passes. Yet the quadratic coefficient is YAVison's % which explains the lowering of the optim
A from .401 to .348 with a narrower peak and maeathing room from reversed wake flow. Without
the last streamtube expansion term in (23) theaa iadditional largea” term in { } in (24) which
doubles this coefficient and give excesgiyés rising withA without peak!

Ignoring lateral induced flow and justsog the windwise component of (2) givas agsing and
d=bygsinf , which are not even the windwise components (d)(&#4) of the real induced flow at finite.
Taking the lee pass net induced flow a&{2)sinf [7] makes the above limiting quadratic coeffitie
come out to 15/16 for an extremely broad p€ak of an unreal .605 at an impropfet.51; and is thus
clearly unacceptable. Correcting this to downwirdanding 2,sing+bgsinf gives a coefficient of 9/16,
still biased (blissfully ignoring a singularity its ¢-f expansion even withy=hy at sirf =0 which would
likely cause numerical sensitivity.)

Thus none of these prior methods likely resgee Betz limit for optimal variable pitch, which



would have been a basic test of their soundnessy @lhunderestimate the reduction of angle ofcatta
by a giverag by sirfg or 7, so by % ap/4 . Thus a givem is predicted at too higtX on the sides.
The neglected crosswind lateral reaction induce it finite X distorts the actual side angles of attack
further. These basic inaccuracies completely uniaertihe attempts to treat dynamic stall hystersis
effects in the typical VAWT code [5].

{}in (24) has the value .47 at the pesixthel=J O(m?A?) corrections on the two sides again
virtually cancel. This can be attributed to no kinenergy loss from no net wake crosswind flowshas
windward and leeward pass crosswind flows canegkth_ikewise the finiten correction of the
optimal pitch Vawt [2] should be weaker than foe tiptimal Hawt.

7. THE BREADTH OF THE POWER PEAK IN VAWTS AND HAWTS

Whilst the peak power deficit versus agaildHawt or optimally pitched Vawt of 10% is modest
enough, the tangent & passively articulated bMaets haveA varying inexorably withX and so a
narrow operating power peak. The standard anglsst electric generator is synchrously tiech t
grid which stiffly loads the windmill to run at ¥irally constant angular velocity in fixed proportion to
the grid frequency. Then it is vital that the windbine have a broa@s, asX changes inversely with
wind speedr [2]. Even with an ideal load cubic i/ the great gustiness in real winds means that the
wind changes faster than inertia allows a windihetio change it#}/ so varyingX momentarily.

The power drops off-optimum a$4)?so asdX? for small variationsl away from the design values
whereas for a robust Hawt the drop is@€ [2,10] At finite dX, the tangent Vawt angle of attack
does not reduce quickly enough wXho avoid over-inductio®> %2 atX more than 44% design. In
tangent Hawts[2] that leads to reversed wake fiod high, fluctuating aerodynamic loads that cause
high noise, vibration and stress for low power eesglly of arrays[2]. This zone that the Vawt fregts
at highX’'s needs study, yet even tunnel flow visualisaseems lacking. ~ Whereas with blade pltch
only .145 4 Hawts cariotally avoid the turbulent windmill state and its highd loadings and poor
windfarm efficiency[2]

Vibration is a major Vawt problem. The chardgm uniform azimuthal flow and varying spanwise
X that adds twist and root taper to the difficultynodiking cantilevered Hawt blades, to spanwise
constant chord, pitch, and induction for easdpstructed and supported Vawt blades incurs aziahuth
variation of blade lifts. Pairing blades has mudbrenof a structural benefit for the fixed blade Haw
with less vibration penalty but has been riskedevaiten in Vawt’'s! Avoiding the narrow power peak
and highX reversed flow of fixed speed operation with moxpensive variable speed generation makes
the Vawt pass through a wide range of frequeld@nd its harmonics and risks resonances and fatigui
An underestimated resonance forced the very lagge@hat Darrieus to be run synchronously[5].

Robust Hawt blades fixed at halfwayneen the design apparent wind and the tangenp kee
their off-peak induction below optimal, for lowddle loadings and good wind park efficiency [2]. At
smallX and induction, tangent blade Hawt's are the firstall, whilst robust optimal fixed Hawt
blades have higher inductions but smalleas numerically illustrated in [2]. The tangetade Vawt
can be converted to a broad robust peak and beffigireak [2] by articulating the blade to followet
fixed / (g)=/ 42 cycle of (21).

The ideal variable pitch [2] de@ese as 1K to keep the inductioA at the optimum and
avoid the highX problems of high, reverse flow, high blade and tower forcesd laav Cp. Whirling
a mass against a blade cam with quadratic cegéafitorque characteristic ##/?would makea
passively diminish asymptotically g5-@)? and so ag? and sce asm. McDonnell Aircraft [11]
calculated optimah amplitudes that also gaealecreasing ultimately asX,/ but tragically did not test
it or much else with their computer-articulatecbgnill.

A Hawt blade can be cambered for highgs, and maximum lift coefficient than a double-acting
Vawt blade and fixed robustly for more inducednltm delay off-optimum stall . The centrifugal
secondary flow [12] in a Hawt blade can incredmestall angle whereas the appendix describes
measurements of net thrust in tangent Vawtyiltee pitching showing only dynamic mitigation of
deep stall.

Also to be fair, Hawt blades can also pitéth very good cantilever bearings at their hub or
effectively alter their outer span pitch with flapgnd need only do so on the time scal& nbt 14/
However they cannot alter their twist, so an igetdh-articulated Vawt [2]can be optimal over alei
speed ratio range than a variable pitch Hawt,h#ljgeversing the overwhelming advantage the Hawt
has with fixed blades.

8.CONCLUSIONS

The common induced flow model has bedomatised and is proved to be optimistic versus
separating the passes and including lateral irditlo. It is necessary to expand the streamtulgeto
sensible if still optimisticC, with “double (pass) multiple” (streamtube) modetéowever neglect of
lateral induced velocities completely underminesrtmclusion of dynamic stall.

The Vawt operating power peak is inhesentirrower than the Hawt's. Then at 1.44 the deXig
the fixed or passive pitch Vawt begins reversa#tevflow which invalidates the leeward pass model.
The actual flow needs to be observed and compaitedhe Hawt reversed flow which has been better
observed even though Hawts can easily avoid thidition with minimal design pitch. So do quadratic
cam centrifugal pitch articulation or the robfised pitch cycle, which also has half the intrimdrag
penalty. However the existing centrifugal pitchesties do not avoid flow reversal. Like so much Vawt
design they have suffered (fatally) from a genkxelk of impartial Hawt-correlated analytical inisig
which if supplied at all by this paper will havdfflled its purpose.
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APPENDIX 1 NOTATION
A the net interference factor+ g, at the blade for both passes
a=I/Tsing the local (radial) interference factor
ap = Xg=XI/W representative of the non-dimensional actuatordtidal/T at highX
B the number of blades
b blade semi-span
by induction on the leeward pass for leeward
c the local blade chord
Cp sectional drag coefficient
Cr . rotor coefficient of power / undisturbed kinetizeegy flux through the swept area
d upwind component of leewatdT
f Prandtl tip correction factor
F real part of Theodorsen function
e=sina/ sinj effective factor on blade chord
H=1+g*/F*=N/W*
g =ev=I/W ratio of the half the velocity change to the appawindspeedVwindward
h leeward equivalent af for leewarde andf
G complex part of Theodorsen function
H =1+g°/f
K=Wt/2T reduced frequency based on semichord & true wind
k=Wc/2Wreduced frequency based on semichord & apparemt win
I lift slope correction actor for thickness
minverse speed ratit/ W =1/X
n crosswind (-junit vector) component &€/T
P the dimensional power per unit length of span
p0=b0/ f
Jo=ao/ f the total induced flow at the blades
sspacing between wake vortex sheets
t =2pr/B circumferential distance between blades centeemnder
T windspeed
u upwind component df/T
v crosswind (yunit vector) component ¢fT
Xlocal speed ratior/T
W speed of the apparent wind
r_unit radial vector directed downwind
X unit vector in the downwind direction
y crosswind unit vector towards side in which rotatie against the wind.
Z unit vector along the blade span




I the induction, half the velocity change thedelsiproduce downstream in their wake
J the actual induced flow velocity vector at theorot
& the wake velocityT-2]
D=T+J the net airflow at the rotor relative to the grdun
L airfoil lift vector
N the no-lift or nominal apparent wing-S
T True undisturbed wind vector
W The net apparent wind vecf®fS +J
a - ¥ chord angle of attack W
asan the stall onset value af
b mean deviation of streamline inside rotor
f - Vawt downstream azimuthal anglgwithout streamtube expansion)
/ - The true or complete apparent witlangle to the blade path (windward)
g- leeward complete apparent wind angle to bladle pa
¢ - leeward pass blade pitch
/ - windward blade pitch or angle of the 3/4 blatierd to the blade path
k non-dimensional vertical gradient in the wind
r fluid density
s - true local solidity = blade chords/circumferemdélade travel
g windward azimuth angle
q - unit vector in azimuthal direction of increasigg
ff - unit vector in azimuthal direction of increasifg
f - downwind azimuth angle
F - small inclination of blade span to vertical
x - The nominal or No-lift apparent wirkd angle to the blade path
v =ps/2 =Bc/4rhalf the net blade chord divided by the diameter
W/ angular velocityW of rotation in radians per unit time
subscripty denotes design value
prefix ddenotes a small variation of

APPENDIX 2: CORRECTIONS

UNSTEADY AERODYNAMICS - In unsteady flow theory, oscillation of the ¥ooth angle of attack
a about an apparent windf, multiplies each harmonic by the linear oper&eiiG, F(k) andG(k)are
the real and complex parts of the Theodorsen fanatind thek are the multiples ofi¢/2W c/2r. At
smallk, 1-F»k/2 andG=-4k. Neglecting the likely rotation ofLdby (1+)a onlyF in phase witta=/
generates mean forward thrust and power for thgetate=1 Vawt. Such a primarly near 1 can be
incorporated inl to mean less power for a given solidity, tipgshesnd drag. Hein'’s Fig 7.6 [13]
verifies this reduction ak=.08 and .1 for sinusoidal pitch of a NACA 001Ret=3x10. At an
optimumk=.055 Hien shows leading edge suction overcomeg @t 4.5 0-peak amplitude, and the
thrust mean coefficient peaks near #¥® peak of .06 at P2Zamplitude. Then it falls to .04 at21
but dynamically avoids tHe=0 zero at 2% and then rises above .06 above® 28plitude . The
persistence of a (drag) threshold at the (statiéd) angle does not justify supposition of the 8trfor the
harmonics of the complex angle of attack variafmmd above .

DRAG: Generally one can correct the above ideal fagder for real fluid profile drag #WBcGs.
This rises at high speed ratios when the dect&se2v (W/TYXCy » 2vX3Cp= -X?’CpAle Thus drag
can be viewed asX increase in the negative linear coefficient in Aheubic (24), which favours lower
A’s, i.e. lower solidity at a giveX. This term is aboup less for a tangent Hawt segment where the
swept width is Pr vs. 2, but the single pass requires twice tiefor the samed; whereas the Vawt
always has the extra parasitic drag of any blaggau arms and guys. In the Hawt the optimXim
[10] is a tradeoff between the drag penalty insireg asX * and the ideal lift power (at optimal 1/3
angular interference little shifted by drag [10f)sing with X, as the swirl energy lost in the wake
decreases. Here the two opposite passes leaeeclitissflow energy in the wake, so the rise Wtls
much sooner due to unstalling. Designing the peajteaof attack as the static stall value of say 12
givesX=3.% . TheredCr is .1k for an averag€p of .02 up to stallso the robust cyclic peak is not
only broader than the tangent, it is higher by ald@% due to half the drag penaliyhen the desigw
=Bc/4ris .045¢° which gives Hien’s optimaé=c/2r =.055 forB=2.5k?

BLADE ANGLING & ARCING - If there is no wind the flow is purely the cedsself wind. Just as
for a cambered blade the zero lift setting is wtilenblade midline at the % chord point is alignethw
the flow. Then the common blade setting of middiangent can be considered a built-in nose-ifeang
of attack ofc/4r windward fore>1 and e/4r leeward fore<1..

The latter's dominance of tangensalf-wind at highX has suggested to many curving
tangential finite chord Vawt blades to match thevature of their path to reduce their ultimate form
drag, though still air quantification is lackinghdn the only normal velocity component towards the
blade surface is from the real wind. As above #® 1ift reference for arced blades is the tangerhe
¥ point so that is again the evaluation point/faand the reference point defining the blagle The
camber would extend the angle of attack range ereth pass vs the windward which is the opposite of
that needed as stall first appears in this t{gheory, and extra lift due to camber does not Hamding
edge suction for a thrust benefit. But it mighliphgowering up through low.

Experiments (5,14) have shown that ¥ chordedray is in fact close to optimal for a symmetrical
blade Vawt and definitely superior to the commoivaaangency at midchord.



3D: The neglected vertical axial expansion flow mhithe downwind pass induced flow, to improve its
performance a bit. At the tip keepiAgconstantly optimum implies the chord must vary disvithich
resembles a elliptical rounding of the tip. THfe&ive loss of span is .221p2 siry /B at each Vawt

tip for a net correction of 1%iry /Bb.

Vawt proponents generally used the aspatobd induced drag correction of single wings. The
minimum and uniform self-induced velocity of animlc blade semispab due to a plane sheet of
vortices trailing to infinity is L/ 2orWk. ForB blades circumferential distance % 2or/B apart the
LHS of (1) givesL=2r 2bt Wsiry |, also perpendicular td/. So a minimum for the ratio of the blade
induced velocity to the continuous actuator's2isiry /Bb, so again keeping the total at the blade
optimal vs.T, the power is reduced by this fraction, at |&@8t greater than the Prandtl loss.

Certainly to avoid the low lift and highady of stall for starting one wants low aspect raiwic and
anelliptical planform. Crudely the Prandtl tip half-“ellipse” is aboutifhes the loss of span long so its
ideal planform is elliptical when the averagerind®?/p- ay)/Bb».2. Since the product of this ag@b/cis
.7e(2/p-ag)/ag»1.86 at the design optimuray of .172. , the aspect ratid/2 should be about 93
promising low for self-starting with cyclic pitchitl its smaller angles of attack in the first place

WIND GRADIENT - RobustHawt's [2] only lose optimality td(4*) due to the gradientT/r in the
true windT, and with three blades their rotor moments arecsmtm O(4°). Considering constant chord
Vawt spanwise effects, whilag is independent af, it does decrease vertically with the wind gratlie
losing optimality a®(4%). So ideally the Vawt chord should vary a3 vertically.

More important are the gradients in wind culdéd %r and the speed ratigX/r. Upright Vawt
blades have lowest and highest B/ds at their tops in the strongest wind. Therefoedl $irst appears
dramatically by dropping the heavy blade loadingthe top of the Vawt, promoting its super viboati
Inclining straight Vawt blades outwards By & for uniformX seems a minimum precaution.

And inclining matches the Vawt capture areddvdd the windpower shear. In the common induced
flow model [3], inclination does not change the rage induced flow in the wind direction nor the
maximum power per unit vertical distaneeCp (However again the drag correction is as the medi
length.) For a straight blade of a set length,itiodination ~ (top out) for the most swept power at a
given mean radius is £=kb%r? and inclining by F=k for constantX gainsCp over upright by the
fraction AA(b%/r?-v5).

Of course Vawt’'s capture twisted winds bethamt big Hawt's. Those even lose power as the céibe o
the cos of the wind yaw, as their power-consunyizag motors act slowly in response to wind shifts.



